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Abstract 

We study non-linear electrodynamics in curved space from the viewpoint of dual- 
ities. After establishing the existence of a topological bound for self-dual configu- 
rations of Born-Infeld field in curved space, we check that the energy- momentum 
tensor vanishes. These properties are shown to hold for general duality-invariant 
non-linear electrodynamics. We give the dimensional reduction of Born-Infeld 
action to three dimensions in a general curved background admitting a Killing 
vector. The 5*0(2) duality symmetry becomes manifest but other symmetries 
present in flat space are broken, as is U-duality when one couples to gravity. We 
generalize our arguments on duality to the case of n f/(l) gauge fields, and present 
a new Lagrangian possessing SO{n) x S'0(2)eicmag duality symmetry. Other prop- 
erties of this model such as Legendre duality and enhancement of the symmetry 
by adding dilaton and axion, are studied. We extend our arguments to include a 
background 6-field in the curved space, and give new examples including almost 
Kahler manifolds and Schwarzshild black holes with a 6-field. 
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1 Introduction 



Non-linear electrodynamics has been studied for a long time. M. Born and L. Infeld [1] 
introduced a version of it which has received renewed attention since it has turned out 
to play an important role in the development in string theory. The particular non-linear 
electrodynamics of the Born-Infeld Lagrangian describes low energy physics on D-branes 
which are intrinsically non-perturbative solitonic objects in string theory. The introduction 
of D-brane has expanded the possibilities for constructing realistic models in string theory, 
and one of those possibilities is the so-called "brane-world" scenario which assumes that our 
spacetime is a worldvolume of the (D-)branes. Therefore this scenario naturally introduces 
non-linear electrodynamics into gauge theories. 

Since string theory contains gravity as its fundamental excitation, it is plausible that 
the low energy effective action on the D-brane incorporates gravity. However, the effective 
action for D-brane was derived initially only in a flat background. Therefore the precise 
form of non-linear electrodynamics on the D-brane in arbitrary gravity background, while 
probably given by the covariant form of the Born-Infeld Lagrangian [2] , is still not yet known 
with certainty, especially in the case of more than one U{1) gauge field. Recently, in the 
supergravity context, progress on the construction of D-brane solutions possessing non-flat 
worldvolumes has been reported [3, 4, 5]. These are called Ricci-flat branes. If we accept the 
brane-world scenario, then surely we have curved spacetime as our universe, thus we need 
to understand better the relation between non-linear electrodynamics and gravity . 

In this paper, we shall study classical non-linear electrodynamics in curved background. 
Since string theory is believed to be controlled by (non-)perturbative duality symmetry and 
in particular S-duality may be realized as a non-linear Legendre (electric-magnetic) duality 
on the D3-brane worldvolume theory, we concentrate on the duality properties of the non- 
linear electrodynamics in curved backgrounds. In particular, self-dual configurations of the 
gauge field are closely related to Legendre duality, therefore we study mainly the "instanton" 
configurations. In the string theory context, self-dual (or anti-sclf-diial) configurations are 
concerned with stable (BPS) brane configurations such as bound states of branes. 

We see that the self-dual configurations in the curved gravity background are involved 
with various physical requirements which constrain the explicit form of the Lagrangian of 
the non-linear electrodynamics. Our aim is to find Lagrangian(s) which possesses desirable 
properties concerning the self-duality and self-dual configurations. 

Another motivation of this paper concerns non-commutative geometry. String theory in a 
background NS-NS two-form 6-field gives rise to exotic worldvolume physics on the D-brane, 
involving "non-commutative" spacetimes. The non-commutativity of the worldvolume can 
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be introduced through a *-product in the multiphcation of functions on that space. This 
exotic theory is, as shown in Ref . [6] , equivalent with the ordinary Born-Infeld type nonhnear 
electrodynamics in a background 6-field. The equivalence involves non-linear electrodynamics 
in an essential way, one must go beyond Maxwell's linear electrodynamics. 

Prom this point of view, we introduce the 6-field in nonlinear electrodynamics on a curved 
background. Consequently the 6-field is no longer strictly constant. It may be covariantly 
constant, it may have constant magnitude or it may merely tend to a constant field near 
infinity. We shall call such manifolds with a non-trivial 6- field "non-commutative manifolds" . 
The analysis of the self-dual configurations of the gauge fields is extended to include the case 
of non-commutative manifolds in this sense. 

The organization of this paper is as follows. First in the next section wc shall consider 
the Abehan Born-Infeld theory in the curved background, and see that the notion of the 
topological bound for instantons survives in the case of curved gravity background. In Sec. 
3, we extend the analysis to general non-linear electrodynamics, and show that the properties 
concerning the instantons can be derived from the duality invariance condition of the system. 
Sec. 4 is devoted to the study of the case of several gauge fields. There are many versions of 
extension of the Abelian Born-Infeld theory, however we propose a new Lagrangian which 
possesses intriguing duality properties. In Sec. 5, subsequently we study various properties 
of non-linear electrodynamics such as Hamiltonian formalism, Legendre duality, symmetry 
enhancement by adding dilaton and axion, and dimensional reduction in curved space. Sec. 6 
includes many examples of non-commutative manifolds and self-dual configuration on those 
manifolds. We construct a non-commutative generalization of the Schwarzshild black hole. 

2 Born-Infeld system in curved background 

First let us study Born-Infeld theory, the famous non-linear extension of the Maxwell the- 
ory. This theory exhibits many notable properties such as duality invariance. This property 
becomes a guiding principle for constructing other non-linear extensions of non-linear elec- 
trodynamics [7]. Some general argument for the form of non-linear electrodynamics in curved 
background will be presented in later sections. 

2.1 Self-duality and topological bound 

In this subsection we shall give a topological bound for Euclidean Born-Infeld action on a 
Riemannian manifold and show that it is attained only by the (anti-)self-dual gauge fields. 
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If (AdjQfj,!,) is a Riemannian 4-manifold, then the action of the Born-Infeld system in this 
background manifold is 

/(F) = d^x (yd<^~+^ - V^) (2.1) 
where we have defined g = det g^i,, and 

Here 6 is a background two-form which is not necessarily constant, but we assume that 

d:r = o. (2.3) 

Noting that from the (anti-)symmctric property of the indices of the tensors, we have 
det(5(^j. + J^^^) = det{gu,^ - T^^), thus 

[det(^^, + r^,)f = det(y^, + T^pT,<')g. (2.4) 

Using Minkowski's inequality* 

[det {g^, + > [det {g,,)f' + [det (^^p^/)]'/' , (2.5) 

we obtain a bound for the action (2.1) as 

(2.6) 

The quantity appearing in the right hand side is a topological invariant since 

^/d^t^u = I \^9T^, * ^'^l , (2.7) 
where we have defined the Hodge dual of the field strength as 

^j:^- = \y^^^-P-j:^^_ (2.8) 

Here 77 is a covariant antisymmetric tensor. The equality in (2.6) holds if g^^y oc T^pTy'' ^ and 
it is easy to show that this relation results in the (anti-)self-duality condition 

J^^, = ± * T^y. (2.9) 

Prom the above argument we observe that in a general curved background metric the 
Born-Infeld action is bounded by a topological quantity, and the bound is realized when the 
gauge field configuration is (anti-)self-dual. 

*This inequality can be easily verified in a local orthonormal frame. 



7(F) > 



^ (i^xydet^^ 
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2.2 The energy momentum tensor 

The above argument supposes a given background metric, however if one considers a com- 
bined system of gravity and a gauge field then the gauge field will, in general, affect the 
metric. Here we shall show that in the case of Born-lnfeld theory self-dual configuration 
(which we have shown to give a topological bound for the action) does not affect the back- 
ground. 

By differentiating the action (2.1) with respect to the metric, it is easy to obtain the 
energy momentum tensor for this system : 

T^'' - ({g^, + T^.)-^ + (y^. - T^,)-^) - -^Jdeig^.g^'r (2.10) 

Using the technique used in the previous subsection, this expression can be cast into the 
form 

T^'' = \ [det(^,. + V/)]'^' {<^etg,,f'\g,, + - ^Vdety^./^ (2.11) 

Now, for the self-dual configuration which saturates Minkowski's inequality, the gauge field 
configuration satisfies''' 

V/ = -^^Fo^p^F'^^gt.^^- (2.12) 

Substituting this condition into the expression for the energy momentum tensor above, we 
obtain 

T"" = 0. (2.13) 
This shows that in the combined system 

/ = /(F) + /■ d^x^R{g) (2.14) 

J M 

this action is extremized on an Einstein manifold with an (anti-) self-dual gauge field configu- 
ration. The Einstein equation is not modified by the presence of the matter gauge field. The 
question of whether we have a true lower bound is slightly delicate. Because the Einstein 
action is not bounded below, the solution is only an extremum, not a minimum. However 
with respect to variations of the gauge field, keeping the metric and the topological term 
fixed, it is an absolute minimum. If we had in mind the idea that the background metric 
was a Kahler metric, then in fact the Einstein action when restricted to Kahler metrics is 
purely topological [8] , once the volume has been fixed. 

'^This equality can be verified easily in local othonormal frame. 
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The fact that any instanton configuration does not affect the background metric can be 
seen also in the context of string theory. In equations of motion of supergravity, under a 
particular ansatz of the dilaton and R-R scalar field concerning self-dual point, the energy 
momentum tensor of them vanishes [9, 10, 11]. Thus this D-instantons does not affect the 
Einstein equation. Inclusion of the 6-field was discussed in Ref. [12]. 

2.3 Open and closed string metric 

Let us comment on the meaning of the background 6-field. Since we are considering curved 
backgrounds, this 6-field is expected to be non-constant, under some physical circumstance 
such as the backgrounds preserving some of the supersymmetries. So in the following study, 
the 6-field is not necessarily a constant. 

Following the argument of Ref. [6] , we can define the "open string metric" G as 

G^, = g^, - B^pgP'^B,,. (2.15) 

This is a simple generalization of the one given in Ref. [6] in which only the constant met- 
ric and the constant 6-field were considered. Note that the additional term in eq. (2.15) 
contributes positively so that both g and G are positive definite. A simple choice of the 
background 6-field is one which is (anti-) self-dual with respect to the "closed string metric" 
g^y. Then from similar argument to those presented around eq. (2.12), one can see that 
g~^Bg~^B is proportional to the identity matrix. Using the definition (2.15), we obtain 
an interesting result : the open string metric is conformally equivalent to the closed string 
metric, 

Qnv oc G^^. (2.16) 

As is well known, the notion of (anti-)self-duality is conformally invariant : 

F^, = ±]^g^pg,aV''"'^Fr^ (2.17) 
is invariant under a Weyl rescaling of the metric 

g,u^n''9,u. n^''^'^ ^ n-V'" ■ (2.18) 

So we are lead to the following fact : if 6 is (anti-)self-dual with respect to the closed string 
metric g, then the (anti-)self-duality of b holds also with respect to the open string metric 
G. 
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It is easy to see that the inverse of the above claim holds. What one has to note is that 
there is a inverse solution of eq. (2.15) in the matrix notation 

g = G + bg-^b = G (l + G-^b Q-^b +•••), (2.19) 

where the ellipsis indicates an infinite power series in G~^b G~^b. So if b is (anti-)self-dual 
with respect to G, the matrix G~^b G~^b is in proportion to the identity matrix, then we 
see that g oc G holds. Thus 

b^±*g b ^ b^±*G b. (2.20) 

In conclusion, as long as the 6-field is (anti-) self-dual with respect to closed or open string 
metric, both agree about the (anti-)self-duality of the gauge field configuration. 



3 General Non-linear Electrodynamics 

We now consider a more general type of the non-linear electrodynamics : 

7(F) = J d'x ^Lp. (3.1) 

Since we intend to study self-dual configuration in a curved background, the appropriate 
property required on the Lagrangian^ Lp is duality invariance. The duality invariance of 
general non-linear electrodynamics was studied in detail in Ref. [7, 15, 16, 17], in which the 
authors adopted the following form of the duality rotation : 

where the tensor P is defined^ as 

P^"^ ^ 2—^. (3.3) 

Note that the duality transformation transforms F into *P, not into *F. This is a precise 
generahzation of the electro-magnetic duality of the Maxwell theory. The duality of this 
theory rotates E and H (or D and B). Of course if we adopt the Maxwell Lagrangian in 
vacuum, Lp — F^,,F'*''/4, then we have P — F. 

t Since we are in the Euclidean regime we use the word Lagrangian to denote the action density. It is the 

negative of the analytic continuation of the usual real time Lagrangian. 

§We change G (notation in the previous literature) to P because nowadays the former is usually taken to 
denote the open string metric. 
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3.1 Conditions concerning the self-dual configurations 



Our aim is to clarify the constraints on the form of the Lagrangian Lp hy requiring some 
physical properties concerning the self-dual configurations. The first requirement is that the 
well-known (anti-) self-duality condition 



(3.4) 



with e = ±1 must be reduced to the natural (anti-) self-duality condition expected from the 
above rotation (3.2) : 



e*P. 



(3.5) 



In fact, we see that any nontrivial solution of the condition (3.5) should also be the solution 
of (3.4) and this restricts the form of the Lagrangian. Let us express the explicit form of the 
Lagrangian as 



Lp^Lf{X,Y) 



(3.6) 



where we have defined Lorentz- invariant quantities X = F^t^F'^'^ /A, Y = F^^ * F'^'^/A. Then 
from this expression we obtain 



dX 



dV 



(3.7) 



Substituting the natural (anti-)self-duality (3.5) into the definition above, we have the equa- 
tion 



e — 



dip 



*F 



'dip 
'dX 



F. 



(3.8) 



Assuming that this equation has non-trivial {F ^ 0) solution, it must also be a solutions of 
the usual self-duality equation (3.4), and so we have a condition on the Lagrangian 



dLp dLp 
1 — TTTz — e 



dX 



dY 



0. 



(3.9) 



X=eY 



Here we have used the fact the self-duality condition implies X — eY . In the case of Maxwell 
Lagrangian Lp — X, the constraint above is trivially satisfied. 

A second physical requirement on the Lagrangian is that the self-dual solution must be 
a solution of second order equations of motion. The equation of motion for this non-linear 
system is V,^P'^^ — 0. Substituting eq. (3.7) into this equation, then we have 



d^Lp ^ d^Lp d^Lf 



dX^ 



+ 2e 



dXdY dY^ 



0. 



(3.10) 



X=eY 
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When obtaining this equation, we have used the equation Vf^F'^" — which comes from the 
Bianchi identity and the (anti-)self-duahty condition (3.4). 

The final requirement is that as seen in the previous section the background adopted 
must not be affected by the (anti-)seff-dual configuration considered. Let us calculate the 
energy momentum tensor. Using an expression given in Ref. [13], 



(3.11) 



Substituting the explicit expression of P (3.7) and noting the relation F^-^ * F^,), — gn^y, for 
the (anti-) self-duality configuration we have 



dX 



dY 



(3.12) 



X=eY 



Therefore, the vanishing of the energy- momentum tensor will hold if 

= 0. 



dX 



dY 



(3.13) 



J X=eY 



To avoid misunderstanding, we should remind the reader that not every regular solution 
of the equations of motion need (anti-)self-dual. We will give an explicit counter-example 
later. 



3.2 Solution of the physical requirements 

Now we summarize these three requirements on the form of the Lagrangian 



(i) Natural self-duality holds : 

(ii) Consistency with EOM : 

(iii) Stress tensor vanishes : 



dL 



F 



dX 

F 



dX^ 



+ 2e 



OLf 
'~dY 

F 



0. 



X=eY 



+ 



dXdY dY^ 



= 0. 



X 



'dX 



Y 



.OLf 
dY 



X=eY 
= 0. 



(3.14) 
(3.15) 
(3.16) 



At first glance, these three conditions appear to be independent. However, in the following 
we show that the three conditions are equivalent with each other. Before considering the 
form of the solutions of the above conditions, we introduce two useful variables 



u={X + eY)/2, v = {X-eY)/2. 



(3.17) 
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Using these variables, the above conditions are written as 



(i) 

(ii) 
(iii) 







du 


v=0 






dv? 


v=0 


dip 
du 



= 1. 

= 0. 

v=0 



0. 



(3.18) 
(3.19) 
(3.20) 



The Lagrangian Lp may be written as a sum of homogeneous polynomials of u and v, so let 
us adopt the following expression for the Lagrangian : 



m,n>0 



(3.21) 



Now we assume that there is no cosmological term, aoo = 0. Furthermore, in the weak field 
approximation, the Lagrangian should be reduced to the Maxwell Lagrangian, thus 



Lp^X + 0{X'^,XY,Y'^). 



(3.22) 



This implies that aoi = ^lo = 1- Under these assumptions, wc can express the above three 
conditions in terms of the coefficient ttmn- It is easy to sec that all of these conditions are 
equivalent with the following constraint : 



Qmo = for m > 2. 



(3.23) 



Therefore we conclude that the above three conditions (i) — (iii) are equivalent with each 
other, and give the constraint (3.23) for the coefficients of the expansion of the Lagrangian. 

From a physical point of view, perhaps the simplest choice for the action is the one which 
gives duality-invariant equations of motion [7, 15, 16, 17]. Let us consider the compatibility of 
the 5*0(1, 1) duality^ invariance requirement and the constraint above (3.23). The condition 
obtained in Ref. [7] is 



(3.24) 



When this condition is satisfied, the Euler-Lagrange equations for the gauge field are duality- 
invariant, and furthermore, the energy-momentum tensor is also duality- invariant. Thus the 
equation of motion for the gravity is also duality- invariant. In terms of our notation, the 
above condition is written as 



IV Duahty mvariance : 2a————— + Y 

^ ' dX dY 




Y. (3.25) 



^Thc duality group is now SO{l, 1), not SO{2). This is due to the fact that we are in Euchdean regime. 
See Sec. 5.1. 
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Using u and v, this condition is simply expressed as 

Of course the Maxwell Lagrangian Lp — u + v satisfies this condition. 

Putting i> = in this equation (3.26), then one observes that the condition (i) is de- 
duced. Under some plausible assumption we have seen that three (i) — (iii) conditions are 
equivalent, thus consequently, we have shown that the duality invariant condition (iv) is 
sufficient for showing (i) — (iii). In sum, our conclusion is : Three conditions ((i) Validity of 
natural duality, (ii) Consistency of self- duality with EOM, (iii) vanishing of stress tensor) 
are equivalent with each other, and any duality invariant system possesses all of these three 
properties. 

As discussed in Ref. [7], it is difficult to solve the condition (3.26) explicitly. For an 
example of duality invariant system, let us consider the Born-Infeld Lagrangian 

-1 

Lf = —^dei{g^, + F^,) - 1 = ^l + 2{u + v) + {u-vy - 1. (3.27) 
yd 

It is very easy to show that this Lagrangian satisfies the above condition (3.26), and thus 
the results of the previous section are consistent with the argument presented in this section. 
See Ref. [14] for some other solutions. 



4 Higher-rank Generalization 

In the previous sections, we have seen some interesting properties of the self-dual configura- 
tions and their relation to the duality-invariant system. Now in this section, we treat the case 
in which there are several U{1) gauge fields. As for non-Abelian gauge groups, comments 
will be given in the discussion. 



4.1 Three conditions and their compatibility 

Among many possibilities for the Lagrangian of n gauge fields A^^^ where i = 1, • • • ,n, we 
adopt the following form of the Lagrangian 

LF^LF{Xi,Yi) (4.1) 
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which is a simple generahzationH of (3.6). Here the Lorentz-invariant quantities are defined 
as 



The dual field strength is also generahzed as 



p{i)tiv ^ 2 



dLr 



(4.2) 



(4.3) 



Using this Lagrangian, it is easy to derive the three conditions in the previous section. 
The first requirement, which is the consistency with the natural self-duality condition with 
the usual self-duality condition, is expressed by 



dLp dLp 
1 - -TT^ - e, 



dY, 



0. 



(4.4) 



In this expression, we have used a constant which equals to ±1, depending on whether 
the gauge field jg self-dual or anti-self-dual. This condition must be understood to hold 
for arbitrary i. The second requirement of the consistency with equations of motion reads 



dXidXj ^ dXidYj 



dYdX, 



^ ^ dYdY 

* J J Xfe=efeY'/j for anyfc 



0, 



(4.5) 



for arbitrary i and j. The third condition of the vanishing of the energy-momentum tensor 
is 



= 0. 



dXi 'dY,^ 

Let us make a change of variables in a manner similar to the previous section as 

Ui = {Xi + eiYi)/2, Vi = {Xi - eiYi)/2. 
Then the three conditions become 

= 1. 



(4.6) 



(ii) 



m 



dui 



V4=0 



duiduj 



= 0. 



Ui 



Vk=0 

dLp 
dui 



0. 



(4.7) 

(4.8) 
(4.9) 
(4.10) 



"We have assumed that there is no cross term such as F^]) * f'^^'^''. 
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How these three conditions are compatible? Noting that especially the third condition (4.6) 
is only a single condition whereas the first and the second conditions are more than that, it 
is obvious that these three conditions are not equivalent with each other. This is in contrast 
with the case of a single gauge field. However, as we shall see, condition (i) is equivalent to 
condition (ii) . Let us assume that the Lagrangian is a polynomial of Ui and Vi : 

Lf^ Y: a.,.....„^^Ll«^^^Ll^^ (4.11) 

klk2--ln 

Then the condition (i) implies 

LF = Yli^i + Vi) + 0{uv). (4.12) 

i 

Here of course we assumed that the cosmological constant is zero. This behavior is consistent 
with the requirement that the Lagrangian must reduce to the Maxwell system in the weak 
field limit. It is easy to see that eq. (4.12) is equivalent with the condition (ii) if we adopt 
the form of the weak field limit. The condition (iii) is, however, a weaker one compared 
to (i) and (ii). A simple calculation show that the form (4.12) satisfies the condition (iii). 
Thus, we conclude that, under the appropriate weak-field assumption, 

(i)^(ii)^(iii). (4.13) 



4.2 Duality-invariant systems 

The simple choice for a Lagrangian is the one which gives duality-invariant equations of 
motion as seen in the previous section. Now we have several gauge fields, therefore there are 
various versions of duality rotations. First, let us generalize the argument given in Ref. [7] 
and Refs. [15, 16]. 

The most general duality invariance is defined as [17] 

(4.14) 

where A,B,C,D are n x n matrices. Only when we include scalar fields which transform 
appropriately under the duality, the full duality group Sp{2n, R) is obtained. However we 
are studying a system with only the gauge fields, the full available duality group is U{n) 
which is the maximal compact subgroup of Sp{2n, R) (see Sec. 5.3 for the argument with 
adding scalar fields and enhancement of the symmetry) . This is obtained by imposing 

A = D = -A^, B = -C = B^. (4.15) 
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(In this subsection we are temporarily working in the Lorentzian signature adopted in Ref. 
[7].) 

Let us consider the general constraint on the constitutive relation (4.3) under the require- 
ment of this duality rotation invariance, following Ref. [7] . Performing the duality rotation 
in the both sides of eq. (4.3), one has 



3T 



' ^ V(4.16) 



pa 

If we demand that this equation is satisfied for any anti-symmetric matrix A and any sym- 
metric matrix then the full compact duality group U{n) is obtained. Since A and B are 
independent of each other, we have 

r)T B riT 

Aik ^ A.jmp(m)pa ^ ^-^ ( A T 7\ 

and 

^ F{k),u ^ _^^jm f ^JL\ ( . (4.18) 

For the case of n = 1 as in Ref. [7] , there is no antisymmetric 1x1 matrix, so A = holds. 
Then the first condition does not appear. For general n, it turns out that the first condition 
(4.17) is equivalent with the invariance of the Lagrangian under the rotation defined by A. 
Using a relation 

p(m)pa 9 dL ^ d / (^)p^ dL \ _ ■ dL 

dF^^p"" dF^^i^" I dF^^^p^ J 9F0>''' ' 

we see that the condition (4.17) reduces to** 

^jmp{m)pa ^ q_ ^20) 

dF^^^p'^ 

This is merely a condition of the invariance of the Lagrangian. So if one wants to know 
whether a given Lagrangian has symmetry generated by the matrix A, then one has only to 
check the invariance of the Lagrangian under the transformation F^^^ A^^F^\ The largest 
symmetry associated with A is SO{n). 

The second condition for B (4.18) can be integrated in a similar manner to Ref. [7], and 
the result is 

pW^ifc * F^''^^" = -B^"" ( 2-^] ( 2 * 1 . (4.21) 



*We ignore the integration constant because it will not appear in general. 
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Here we have neglected the integration constant which violates the invariance of the energy- 
momentum tensor. This condition is equivalent with 

Qik ^ ^(fc)M^ + p» ^ p(fc)M^j ^ 0. (4.22) 

This is actually the generahzation of the condition forn = 1 in Refs. [7, 15, 16]. The duality 
group of a system can be read from this equation by checking which form of B satisfies the 
equation (4.22) when a certain Lagrangian is given. 

For example, if we restrict the form of B as 

B^ln (4.23) 

where In is a unit nxn matrix, then this indicates that the system satisfying the conditions 
(4.22) and (4.23) possesses only the symmetry involved with simultaneous duality rotation 
for all the gauge fields. The corresponding condition in the Euclidean signature is 

i 

We intend to check how the the simultaneous duality invariance (4.24), which is expressed 
as 



(OLA' (dLpV ■ 

"'Ha^ "^"^"'^^ 



0, (4.25) 



is consistently reproducing the three conditions (4.8)-(4.10). However, it is obvious that this 
duality invariance condition is not sufficient to reproduce them. This is because the number 
of the conditions is not sufficient. 

On the other hand, we can require a rather high symmetry such as 

{B} = {diag(0, • • • , 0, 1, 0, • • • , 0) I i = 1, • • • , n}, (4.26) 

where the diagonal matrix denotes the one in which only the i-th diagonal entry is non- 
vanishing. Then of course we can derive a much restrictive condition 

p« * F^^)"'^ - Pjt^ * P^^>''' = (4.27) 

for any i. In this case the duality group from the B part is (5'0(2))"'. Prom this condition 
it is possible to derive all the three conditions (i) - (iii). 

Prom the above argument, we have seen that the full antisymmetric B is not necessary 
for deriving the three conditions. Only the form (4.26) is necessary. 
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4.3 Some examples 



In the following, we present explicit examples of the generalization of the Born-Infeld action 
to the higher rank case. We see, however, that an intriguing example (denoted as example 
3 below) satisfies all the three conditions in spite of the fact that the Lagrangian does not 
satisfy the strong condition (4.27). 

4.3.1 Example 1 : Effective action of string theory 

The Abclian Born-lnfeld Lagrangian admits D-brane interpretation in string theory. This 
theory describes low energy effective theory on a single D-branc. "Low energy" means the 
slowly-varying field approximation, where the derivative of the field strength is neglected. 
A straightforward generalization of this D-brane action to the higher rank case may be 
obtained in the situation where many parallel D-branes arc considered. Naively in this case 
the low energy description is associated with non-Abelian gauge groups. One of the proposed 
non-Abelian non-linear Lagrangian describing this system is [18] 



where the gauge fields are non-Abelian matrices, and the the symmetric trace operation is 
normalized as 



If we simply restrict the configuration of the gauge fields to only the diagonal entries, then 
the resultant Lagrangian is the summation of the Abelian Born-Infeld Lagrangian. This 
situation can be achieved in string theory when the distance between each brane becomes 
large compared to the string scale. 



Obviously, this Lagrangian satisfies the duality invariance condition with (4.26), since the 
Lagrangian is merely a summation of the Abelian Born-Infeld Lagrangian. Thus this La- 
grangian has an (150(2))" duality group. In other words each U{1) field may be subjected to 
an independent 5*0(2) duality rotation defined on each D-brane. Of course the Lagrangian 
satisfies the three criteria (4.8) - (4.10). As for the A part, there remains Sn symmetry 
permuting the n U{l)s. 

To be summarized, this example corresponds to a duality matrix restricted to 




(4.28) 




(4.29) 




(4.30) 



A = 0, {B} = {diag(0,---, 0,1,0, ■■•,0) h = 1, •■-,«}. 



(4.31) 
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The duality group is (5'0(2))" but there is no global continuous symmetry which rotates the 
label of the gauge fields. 

There is a topological bound for this system. The bound is realized when the gauge fields 
are (anti-)self-dual, but one can choose self-dual or anti-self-dual independently for each index 
{i). However, in order to preserve the target space supersymmctry in the D-brane sense, the 
configuration must be all self-dual or all anti-self-dual. The other configurations may break 
supersymmctry. 



4.3.2 Example 2 : A frustrated topological bound 

In Ref. [19], the following Lagrangian was suggested in the fiat space : 

n. (4.32) 



This corresponds to taking the symmetrized trace inside the square root, and thus seems to 
be unrelated to string theory, as pointed out in Ref. [3]. There is a topological lower bound 
for the action but it is easy to see that it can be attained only when all the U{1) gauge fields 
are equal to each other. (The system is 'frustrated'.) This is reflected in the fact that this 
Lagrangian satisfies none of the three criteria (4.8) - (4.10). Specifically, 



Lf> ^nY.{l±Yif-n. (4.33) 

The bound is saturated if Fj^) = ± * FW for any i, that is, when the individual U{1) fields 
are (anti-)self-dual. The right hand side of eq. (4.33) is certainly bigger than the topological 
quantity 

LF>±Y.^r. (4.34) 

i 

To derive this fact one uses the following inequality 

^ E = E(«^ - + f E > f E ■ (4-35) 

Thus although the topological inequality (4.34) holds if the n quantities B*^*^ ■ E^*^ on the 
right-hand-side are unequal, nevertheless, the topological bound (4.34) can be saturated if 
and only if 

^(1) ^ ± ^ ^(1) ^ ^(2) ^ ± ^ ^(2) ^ ^(3) ^ ^ ^ ^(3) ^ . . . _ (4_3g) 

In this sense, the action is bounded below by the action of the strictly constrained configu- 
rations. We cannot attain the bound in a component-wise fashion. 
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4.3.3 Example 3 : A new model with large symmetry 



In this subsection, we introduce a remarkable model with the SO (2) duality group and 
SO{n) global symmetry. One of the Lagrangians which have large duality symmetry was 
constructed by Zumino et al. [20, 21]. Our Lagrangian is different from theirs. We do not 
know the connection with string theory. 

Let us consider a duality invariant Euclidean action of the following form : 



jp — 



i + 2^x,+ (^^y,J -1 

= ^l + 2Y,{u, + v,)+{^u,-v}j -1. (4.37) 

This Lagrangian satisfies the above simultaneous duality invariance condition (4.24). This 
is a simple generalization of the Abelian Born-Infeld Lagrangian''^^. The system described by 
this Lagrangian possesses a global SO{n) x 5*0(1, l)eiemag symmetry. The SO{n) rotates the 
label of the gauge field. The S0{1, 1) is the simultaneous electro-magnetic duahty rotation 
on all the gauge fields. In terms of the matrices A and B in the previous subsection, our 
action seems to correspond to 

arbitrary anti-symmetric A, B — 1^ (4.38) 

which indicates that we have the duality group SO{n) x SO {2). 

Since the action (4.37) does not satisfy a restrictive duality invariance condition (4.27), 
it is expected that the Lagrangian does not possess the three properties (i) - (iii). However, 
surprisingly, it is a straightforward calculation to show that this Lagrangian satisfies all the 
three conditions (i) - (iii). So this is one non-trivial example which attain many desirable 
properties even in the curved background. 



5 Aspects of general non-linear electrodynamics 

In this section we illustrate various aspects of non-linear electrodynamics by taking concrete 
examples including the example 3 of Sec. 4.3.3. We shall work in a flat manifold for simplicity 
in Sec. 5.1, 5.2, 5.3. 

^^This Lagrangian is not the well-known non- Abelian Born-Infeld Lagrangian with only the diagonal 
entries, as seen in comparison with the Lagrangian of Sec. 4.3.1. 
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5.1 Hamiltonian for the SO{n) x SO{2) symmetric system 



Let us explore the properties of the new model considered above in example 3. To see the 
symmetry of the system, the Hamiltonian formalism is useful. The Lorentzian Lagrangian 
is 



= 1 - ^ 1 + ^ (-|E«|2 + |B«|2) - E« • B« j 



(5.1) 



Performing a Legendre transformation as in Ref. [22], we can construct the Hamiltonian as 
a function of B*^*) and D*^'\ We find that 



^ = ^ (l + E I') + E - (^E D^'^ • - 1- (5.2) 

This expression is manifestly invariant under 5*0(2) x SO{n) where the 5*0(2) rotates B*^*'' 
into DW. 

In the case n — 2, the Lagrangian may be written in the form 

Lf = ^1 + 2a - /?2 - 1, (5.3) 

where a = F^iiF^^^ /A and (3 = F^j,^ * F^^/A. We have introduced two real gauge fields and 
combine them to a single complex gauge field. This Lagrangian is the one given in Refs. 
[20, 21]. 

Using the method of Ref. [23], one may extend the compact 5*0(2) duality group to the 
non-compact group 5p(2,R)(= 5L(2,R)) by adding an axion and dilaton field which will 
be done in Sec. 5.3. 

When dealing with time-independent fields, it is convenient to introduce potentials. We 
must first perform a Legendre transformation to get an action in terms of E and H, and then 
substitute E = V0, H = Vx. We then get the 50 (n) x 50(2) invariant energy functional 



^F = ^ (l-ElV0«p) (l-ElVx«p) - (EV0»-Vx«) -1. (5.4) 

The dimensional reduction is a useful method to realize the duality symmetry of the system. 
Surprisingly, this dimensional reduction can be performed even in the curved space, which 
will be studied in Sec. 5.4. 
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5.2 Legendre self-duality 



The S'0(2)-invariance of the equations of motion does not mean that the Lagrangian is 
invariant but it does mean that the quantity 

(5.5) 

is invariant, with 

p(i)M- ^ -2-^ (5.6) 

(we are using conventions appropriate for Minkowski signature) . As pointed out by Gaillard 
and Zumino [15] this gives rise to a number of identities including 



1 

L{*p(^n = L{Fl^) + -^Y.PH}^y (5-7) 

IJ,V 



They also pointed out that identity (5.7) may be interpreted in terms of a version of Legendre 
duality interchanging the Bianchi identity d * F*^'^ = and equations of motion d * P^'^ = 
0. Locally the former is equivalent to F = dA'^'^\ while locally the latter is equivalent to 
*p(') — dB^'^\ Assuming that the Bianchi identity is given, the field equation may obtained 
by varying the Lagrangian considered as a function of dA, L — L{dA). Dually one could 
assume the field equation and obtain the Bianchi identity from a dual Lagrangian Lj){dB). 

The two variational principles and the two Lagrangians are related by a Legendre trans- 
formation, as can be seen by passing to first order formalism. One considers the Lagrangian 

L{F, B) = L(F«) -W *F«'^'^(9^S» - d^Bf). (5.8) 
^ i 

Variation with respect to gives the Bianchi identity d * F = 0. Variation with respect 

gives the field equation *pW ^ dB^'^\ Eliminating F^*) in favor of gjyes Lj){dB^'^^). 
Thus 

Ld(*P«) = L(F«) + Wp^'^^'^Fj^J, (5.9) 

^ i 

in other words 

Ld(*P«) = -L(P«'^"), (5.10) 
where L(P('^) is the Legendre transform of L(F('^) 

L(P«) = --J2 P^'^'^'Fj^J - L{F^'^) (5.11) 

such that 
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Of course one could have started with the first order system 

Ld(*P«, A) = M*P^'^) - - d.A^^f^)- (5-13) 

Variation with respect to A^^^ yields the field equation d*P^^^ = 0, and variation with respect 
to *pW^ using (5.12) gives the Bianchi identity d * F^*^ = 0. 

For a general non-linear electrodynamic Lagrangian the two Lagrangians Ld(*P«) and 
L(F^^^) are unrelated, but for a theory invariant under S0{2) duality rotations (5.7) implies 
that 

Ld(*P(^)) =L(*P«). (5.14) 

In our case of example 3, we have *pW — (H*^*\ — D^)^ and the system has 5*0(2) 
invariance as seen before, then the Legendre-transformed Lagrangian is in the same form as 

L^sjl- E(|H»P - |D«|2) - (5^HW • DW)' - 1. (5.15) 

Technically this property of the form of the Lagrangian is understood as follows. First 
we have Lagrangian L(E,B). From this Lagrangian we obtain Hamiltonian i/(D,B) by 
Legendre transformation. Further dualizing B into H, then one has perfectly dual description 
I/(D, H). Now, if the system has 5*0(2) duality invariance, then the Hamiltonian is invariant 
under the exchange D ^ B. So the second Legendre transformation is precisely the same 
calculation of the first Legendre transformation, and one gets the same form as the starting 
point L. 

To complete this section we wish to point out that Legendre self-duality does not imply 
the existence of a continuous 50(2) duality invariance. As a counter-example one may take 
the theory originally considered by Born, which has L = 1 — vl + 2X. A simple calculation 
reveals that this theory is Legendre self-dual but also that it does not satisfy the necessary 
condition for 50 (2)-invariance. 

5.3 Adding dilaton and axion 

To couple to an axion a and a dilaton $ we follow a general procedure which we shall 
illustrate by means of a particular example (model 3 of Sec. 4.3.3). We choose to work in 
the Hamiltonian formalism and shall exhibit a manifestly 5p(2, R)-invariant Hamiltonian. 
The covariant formalism is equally simple and follows closely the discussion for a single U{1) 
given in Ref. [23]. We begin with inserting appropriate factors of into our original action, 
adding a "6* term" coupling to the axion and further adding an 5p(2, R)-invariant kinetic 
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action for the axion and dilaton 



L = LNLE(e*E«, e*B«) - a5](E» • B«) + Lad($, a). (5.16) 

The action Lnle is now invariant under dilations of E^*) and B*^*) provided one compensates 
with an appropriate shift of the dilaton. We are naturally led to introduce calligraphic 
variables which are invariant under dilations : ^^'^ = e^E^*) and B^'^^ = e*B*^*\ 

We now calculate the electric inductions D*^*) and find that they are changed both by a 
shift and a scaling 

D« = e*D«(£:«, B(^)) - aB«, (5.17) 

where D'^*^(£^^*\ iS'-*-') is the constitutive relation in the absence of the axion and dilaton 
but regarded as a function of the calligraphic variables. Clearly D'^*^(£^W^ ^W) jg invariant 
under a shift of the dilaton, since it is only a function of the calligraphic variables which 
by construction are invariant and therefore e'^^D^ (£;(*) ^ ^3'-*-') will take on the same factor as 
e*. Since B*^*) takes on the same factor as e^* we need the axion a to take on the same 
factor as e^* to make all terms on the the right hand side of (5.17) scale as e*. This fixes up 
to an over all multiple the axion-dilaton Lagrangian Lad- Now D*^*) will scale-^-l- as e*. We 
therefore define calligraphic inductions by 

= e"* (d« + oBW) . (5.18) 

By construction "D*^*) will be invariant under shifts of the dilaton. Moreover under the shift 
of the axion a — >■ a + a, 7?*^*^ will be also be invariant as long as D*^*) — >■ D*-*) — aB*^*). 



Explicitly, in our example 3, 

+ = e^^EW + e^^E,(E(^)-B(^-))BW 

^1 - e2*Efc(|EW|2 - |BW|2) - e4*(EfcEW • BW)^' 

Thus 



(5.19) 



(5.20) 



which is identical, in terms of the calligraphic variables, to the constitutive relation in the 
absence of the axion and dilaton. 

Now one finds that 

H^H^^j, + HaB: (5.21) 



MNote that we distinguish between D^*) and D^*) (f (') , ^S^*^)). 
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where Hxd is the Hamiltonian of the axion and dilaton fields constructed from Lad and 
which is manifestly Sp{2, R)-invariant. And in our example 

^NLE + 1 - , , ' ..... . (5.22) 



Thus in terms of the calligraphic variables, i^NLE has the same functional form as it does 
in terms of the usual variables in the absence of the axion and dilaton. We may use the 
constitutive relation to express i^NLE as a function of and B^'^ and "D^'^. It will be identical 
to the expression in the absence of the axion and dilaton. In our case 



-f^NLE + 1 



It is clear that the resulting Hamiltonian is invariant under shifts of the dilaton and 
axion, and this is a general result. What about the 5*0(2) C 5*^(2, R) duality rotations? 
In principle it is now possible to express //nle in terms of the variables B*^*-' and D*^*) but 
this is complicated and unnecessary. Moreover wc don't at this stage know the appropriate 
transformation rule in terms of these variables. Of course wc do know how 5*0(2) acts of the 
axion and dilaton so that Lad and hence i^AD is invariant. Moreover if the original theory 
had i/NLE(B(^),D«) invariant under 50(2) rotations of B^*) into D^*) then H^i^^{B^\V^^) 
will also be invariant under SO (2) rotations of B^'^ into T>^^\ This is certainly the case of 
our model 3. It is clear that the action of 5*0(2) is the standard one on the calligraphic 
variables and from this we may work out the transformation rule on the original variables. 

One way of viewing this construction is to note that the variables B*^*^ into D*^*) are canon- 
ically conjugate and the passage to the variables B^^^ into P*^*^ is a canonical transformation. 



5.4 Dimensional reduction 

It is known that in flat space dimensional reduction of the Born-Infeld action leads to an 
effective action in which duality invariance is manifest. In this subsection we show that the 
same is true in curved spacetime. We assume a stationary Lorentzian metric which locally 
at least is defined on M = R x E and takes the form 

ds'^ = -e^^(dt + ujidx'f + e-'^^-iijdx'dx^ (5.24) 

and we consider a stationary U{1) field 

A = 4>{dt + Uidx^) + Aidx\ (5.25) 
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Prom now on we consider all quantities as living on E equipped with the metric ^ij. Thus all 
inner products, covariant derivatives etc. are taken with respect to the metric 7^-. We have 

F = d(j)A{dt + uj) + dA + (j)duj, (5.26) 

where u = Uidx^. The electric field is E = — V0 and we define the magnetic field by 

B = + (5.27) 

Thus 

V • B = V0 • 12, (5.28) 
where VL — *^du!. The two invariants are given as 

F^^F'^^ = 2(-V0- V0 + e^^B-B) (5.29) 

and 

F^^ * F'"' = 4e^^V0 • B. (5.30) 
Using the fact that = e~^^^/7 we find that 

V^F^, * F^^ = • B = V (4^7 (^V X A + ^0'^^)) , (5.31) 

which is a total derivative as expected. 
The Born Infeld Lagrangian is now 

Vre"^^ (1 - ^1 - V0 • V0 + e^^B • B - {e^^Vcj) ■ B)^) . (5.32) 

We must introduce a Lagrange multiplier % to enforce the constraint (5.28). Thus we add 

x(V-B-V(/)-fi)V7- (5.33) 

Integration by parts and variation with respect to B yields 

B-V0(B.V0) 

-e-2^Vx = 5.34 
^Jl-V(f)■V(f) + e^^B ■ B - (e2t^V0 • B)^ 

One now substitutes back into the Lagrangian to get 



V7e-'^(l - ^{1 - (V0)2)(l - (Vx)^) - W ■ Wxr) - XV0 • Q^. (5.35) 



23 



The first term is invariant under the rotation SO (2) which rotates into x- Using the fact 
that V • f2 = 0, and an integration by parts, the last term may be re- written in the manifestly 
5'0(2)-symmetric form 

^(</'Vx-xV0)-12. (5.36) 

So even in the curved background we see that the dimensional reduction results in a duality- 
symmetric Lagrangian. This is also the case for our new model of Sec. 4.3.3. 

Note that if we define H = — Vx the square root is the same as in fiat space except that 
the inner product • is taken in the metric 'jij. 

To obtain the (anti-)self-dual solutions one needs to consider t, oj and to be pure 
imaginary. One sets 

= ±^X• (5.37) 

In fiat space one may also include in the Dirac-Born-lnfeld action a scalar field y repre- 
senting the transverse displacement of the 3-brane, In the stationary case one finds that the 
5*0(2) duality symmetry is enhanced to an 50(2, 1) [22]. This 50(2, 1) symmetry contains 
an 50(1, 1) subgroup allowing to be boosted into y. The fixed points , i.e. the solutions 
with = ±y are BPS and correspond to Blon solutions representing strings attached to 
the 3-brane. We have included this and repeated the previous steps. The resultant dualized 
Lagrangian is written as 

Vre-^^ (l - Vdet(v^-V5-^?ii5)) - xV(/) • Q^T, (5-38) 

where R, S = 1,2,3 and the vectors v^^ are defined as 

Vi = V(/., V2 = Vx, V3 = e^Vy. (5.39) 

the metric in the internal space is defined as ^ = diag(— 1, —1, 1). The first term of this 
action looks invariant under the rotation in this internal space and seems to have symmetry 
50(2, 1). However, we find that the presence of in the definition of V3 prohibits us to 
write the symmetry in terms of scalar variables, and breaks the 50(2, 1) invariancc down to 
the 50(2) duality subgroup. In addition, the second term is invariant under only the 50(2) 
group. 

One may also couple to gravity. One adds to (5.32) 

{m - 2|Vt/r + ^e^^|0|2) , (5.40) 
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where we are using a notation AnG = 1. In order to maintain the constraint V • 17 = 0, one 
also adds 

1 



(5.41) 



so that there are now two Lagrange multipher fields ip and x- The quantity ip is usually called 
the NUT-potential. In the absence of matter, elimination leads to the Sp{2, R) invariant 
action 



/I 



1 



-4U 



(5.42) 



In the case of Riemannian, rather than Lorentzian metrics one considers ip to be pure 
imaginary and the self-dual metrics with triholomorphic Killing vectors are obtained by 
setting e^^ = ±iip. 

If one couples Einstein gravity to Maxwell theory and proceeds with the elimination of 
the two Lagrange multipliers, we obtain 



%/7 



i^(7)-^ivt/r 



1 

r 



-4U 



|V^-0Vx + xV0p 



1 

r 



-2U 



(|V0|' + |Vx|' 



(5.43) 



It is well known that the duality group of Maxwell theory S0{2) is promoted to an SU (2, 1) 
symmetry which includes 5*0(2). The group SU{2, 1) is what Hull and Townsend [24] call 
the U-duality group in this case. 

If we repeat this procedure for Born-Infeld one finds the Lagrangian 



V7 



IVC/I 



V(l-|V0P)(l-|VxP)-(V0-Vx)2 + e 



(5.44) 



We observe that the symmetry SU (2,1) is not present. It seems therefore that if there is 
some extension of Born-Infeld containing gravity which is invariant under the full SU{2, 1) 
U-duality group, it is not simply the obvious coupling of Einstein gravity coupled to Born- 
Infeld theory just described. 



6 Examples of solutions in curved space 

If we do not consider the existence of the 6-ficld, then our procedure of Sec. 3 and 4 shows that 
many examples of self-dual Maxwell fields on curved manifolds studied in previous literature 
can survive even when they are generalized to duality invariant non-linear electrodynamics. 
Thus in this section we concentrate on the situation where the 6-field is turned on. 
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6.1 Born-Infeld instantons on curved manifolds with 6-field 

One motivation for this paper was to consider non-linear electrodynamics in a constant or 
almost constant background 6- field in curved Riemannian 4-manifold Ai, as for example in 
the work of Ref. [25] where a single Born-Infeld field was considered. From our work above, 
if the theory satisfies the three requirements (4.8) - (4.10), to get a solution, we may take 
to be a (anti-)self-dual Maxwell field. Thus from now on we shall take Born-Infeld Instanton 
to mean an Maxwell field F of fixed duality together with a b field of the same duality 
which is closed and covariantly constant or at least covariantly constant near infinity. 

Another possible motivation is to see to what extent the S-duality results for Maxwell 
theory obtained in Ref. [26] continue to hold in Born-Infeld theory. 

Maxwell theory on Riemannian four-manifolds has been much studied. In particular a 
fair amount is known about harmonic forms though many mathematical problems remain. 
In what follows we shall focus on the problem of finding suitable 6-fields, quoting the results 
about harmonic forms that we need. 

6.1.1 Closed manifolds 

If the manifold A4 is closed, that is compact without boundary, dA4 — 0, and the solution is 
square integrable then we are led to standard Hodge-de-Rham theory. The number of linearly 
independent (anti-)self-dual Maxwell fields is topological and is given by the Betti-numbers 
bf{A4). Note that even if M. is symplectic, that is even if admits a closed non-degenerate 
2-form cu such that dou — 0, and we regard the manifold Ai as non-commutative in the sense 
that we replace the usual commutative product on smooth functions by a deformation of the 
Poisson algebra [27], the topology of Ai will not change. If Ai is taken to be Kahler then 
the Kahler form will be of fixed duality. We shall adopt the convention that it is self-dual. 
Because the manifold is Kahler it will also be covariantly constant. 

Thus in the Kahler case it is natural to take, as suggested in Ref. [25] b to be proportional 
to the Kahler form ou. The Born-Infeld instantons would then be the harmonic forms with 
the same duality which are not covariantly constant. A special case arises when A4 is 
Hyper-Kahler. In that case, regardless of whether Ai is closed or compact we have a three 
covariantly constant 2-forms all of which may be taken to be self-dual. The only non-flat 
simply connected example is K3 in which case the non-constant two forms arc all anti- 
self-dual and form a 19 dimensional family. Thus there are no Born-Infeld Instantons on 
K3. 



26 



6.1.2 Hyper-Kahler ALE and ALF spaces 

This is closer to the situation envisaged in Ref. [25]. In general a compact or non-compact 
hyper-Kahler manifold admits no harmonic forms with the same duality as the Kahler 
forms. Thus again we do not expect any Born-Infeld instantons in this case. 

In particular in Ref. [25] a blow up of jZ^ was considered. If the manifold were Hyper- 
Kahler, it would be the Eguchi-Hanson metric which is one of the family of metrics admitting 
a triholomorphic Killing vector We have 

ds" = V-^{dT + uj-d^f + V{d^f, (6.1) 

with curl oj — W . We take 

V = . + E^. (6.2) 

If e = the metric is ALE. If e = 1 it is ALF. To get the Eguchi-Hanson metric we set e = 
and take two centres. The metric is believed to admit just one I? Maxwell field which is 
anti-self dual. It is associated with the non-trivial topology and it is easy to write it down 
explicitly. Strictly speaking there seems to be no completely mathematically rigorous proof, 
in the manner of Ref. [28] that this 2-form exhausts the cohomology of Eguchi-Hanson 
but this conjecture is supported by index theorem calculations [29]. If e = and for k 
centres there is believed to be just a k — 1 dimensional space of anti-self-dual harmonic 
two-forms associated with the topology. The ALF case is very similar, except in addition to 
the anti-self-dual two-forms expected from the topology, the exact anti-dual two form 

d(v-\dr + u ■ dx)) (6.3) 

is also in L^. In the case of one centre, i.e. for the Taub-NUT solution it is known [28] that 
this is the only harmonic two-form. Thus again we get no Born-Infeld instantons in this 
case. 



6.2 Almost Kahler Manifolds 

Rather than taking b to be covariantly constant as it is for a Kahler manifold, one could 
also consider an almost Kahler manifold. This has an almost complex structure J such that 
= — 1 with respect to which the metric is hermitian, in other words for any two vectors 
X and Y 

g{JX,JY)=g{X,Y). (6.4) 
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The associated two form 

uj{X,Y) = g{X,JY) (6.5) 

is closed but not covariantly constant. However, just as for a Kahler manifold, the magnitude 
squared, jU!ai3UJ°'^, of the two form cu is constant. The difference from a Kahler manifold is 
that the almost complex structure J is no longer integrable. 

A theorem of Sekigawa [30] tells us that if is a compact Einstein manifold with non- 
negative scalar curvature then any almost Kahler manifold must in fact be Kahler. Perhaps 
for that reason, almost-Kahler metrics have not been much studied by physicists. However, 
if Al is not compact, then there may exist complete Ricci-fiat almost Kahler manifolds which 
are not Kahler. One particularly intriguing example, and in fact the only one known to us, 
is of the form (6.1) [31]. It is however incomplete. The metric and some of its properties are 
described in detail in Ref. [32]. In Ref. [33, 34] the uniqueness of this example is discussed. 

The metric is obtained by taking the harmonic function V to be proportional to one of 
the spatial coordinates z say. Thus it is given by 

ds'^ = z-^(dT + xdyf + z{dx^ + dy'^ + dz^). (6.6) 

Clearly there is a singularity at z = but the metric is complete as z oo. As explained 
in Ref. [32] the singularity may be removed by regarding the metric (6.6) as the asymptotic 
form of a complete non-singular hyper-Kahler metric on the complement of a smooth cubic 
curve in CP^. 

The metric (6.6) has a Kaluza-Klein interpretation (reducing on the coordinate r) as a 
magnetic field in the z-direction which is uniform in x and y. Appropriately enough the 
isometry group is of Bianchi type II, or Heisenbcrg group. The Maurcr-Cartan forms are 
(rfx, dy^ dr + xdy). It is well known that the Heisenberg group is the symmetry group of a 
particle moving in a uniform magnetic field and in some circumstances the spatial coordinates 
X and y may be regarded as non-commuting. Thus it is a very tempting to speculate that this 
metric and its smooth resolution may have something to do with curved non-commutative 
spaces. In any event it encourages its further investigation. 

One easily checks that the three (self-dual) Kahler forms are 



and 



dx A {dr -\- xdy) -\- zdz A dy, 
dy A (dr + xdy) + zdy A dz, 

dz A {dr + xdy) + zdx A dy. 
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(6.7) 
(6.8) 

(6.9) 



In addition there is a circle of anti-self-dual almost Kahler forms 

cos^^^cix A {dr + xdy) — zdx A dy^ -\- syn.O{dy A {dr -\- xdy) — zdy A dyj, (6.10) 

where ^ is a constant. The triholomorphic KiUing field ^ gives rise to an anti-self dual 
Maxwell field of the form 

d{z~\dT + xdy)) (6.11) 

whose magnitude squared is proportional to z^'^. Since the volume element is zdrdxdydz, 
the norm converges as 2; ^ oo but diverges as one approaches the singularity a.t z = 0. 

An interesting question is whether the almost Kahler structure (6.10) or the Maxwell 
field (6.11) extend smoothly over the resolution. If the almost Kahler structure extends, it 
would give a complete Ricci-flat example of an almost Kahler structure which is not Kahler. 



6.3 A black hole in an external 6-field 

In the previous subsection, we showed that ALE and ALF spaces in a background 6-field do 
not admit interesting Born-Infeld instantons. The situation changes if we consider Euclidean 
Schwarzshild solutions. The metric is 



ds'=i^l-^jdT'+i^l-^j dr' + r'dn\ (6.12) 
The harmonic two-forms are spanned by [35] 

Fm^sinede Adip (6.13) 

and 

F,^*F^^{dTAdr)y. (6.14) 

Thus ± Fg = F± is a (anti-) self-dual Maxwell instanton. To get a 6-field, consider a 
harmonic two-form B 

B = d sin^ ed(p^ . (6.15) 

The Maxwell field B is neither (anti-) self-dual nor square-integrable. It looks like a uniform 
magnetic field near infinity. However, 

b±^B±*B (6.16) 
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is (anti-) self-dual and is approximately covariantly constant near infinity. Thus in general 
(anti-) self-dual solution of Maxwell equations in a (anti-)self-dual background 6-field may be 
obtained by taking an arbitrary linear combination of F± and b±. It is amusing to speculate 
that this solution may have something to do with "non-commutative black holes" . 

A smooth square integrable solution of the general non-linear electrodynamic equations of 
motion which is not self-dual may be obtained by taking P — Fg. This satisfies the equation 
of motion d * P — 0. Now one may calculate F using the constitutive relations. This will 
give something of the form F — f{r)dT Adr, for a function /(r) which will depend upon the 
particular theory. One has dF — and therefore it also satisfies the Bianchi identities. 

6.4 Kaluza-Klein monopoles in constant 6-fields 

A similar construction to that of the previous section may be applied to axisymmetric Hypcr- 
Kahler metrics. Let us suppose that the metric is of the form (6.1) but where V and cu are 
independent of the angular coordinate (p — arctan(^). We may choose a gauge in which 

ds'^ = V-\dT + udipf + V{dz^ + dp^ + pV), (6.17) 

where = + and V and u depend only on p and z. 

The Killing vector m°'da = ^ is not triholomorphic, and the two-form 

digapm^'dx^^) (6.18) 

is an anti-self-dual solution of Maxwell's equations. If the metric is ALF then near infinity 
(6.18) will look hke a magnetic field and be almost constant. Thus we could take it as our b 
field. To get Born-Infeld instantons we can now take anti-self-dual harmonic two-forms. 
The simplest case would be the Taub-NUT metric. It admits a unique [28] Maxwell field 
which is anti-self-dual and it will persist as one turns on the b— field. 

7 Conclusion and Discussion 

In this paper, we have analyzed non-linear electrodynamics in curved space especially from 
the viewpoint of self-duality and self-dual configurations. We have observed that various 
properties of the self-dual configurations can be derived from the duality invariance of the 
system. If the equations of motion arc duality invariant, then the self-dual configurations 
satisfy the following properties : (i) they also satisfy the natural duality F = ±*P, (ii) they 
are also the solutions of equations of motion, (iii) their stress tensors vanish. 
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In the U{1) case these three properties are equivalent with a single constraint on the 
form of the Lagrangian. However, if we consider several gauge fields, then the situation is 
rather different. We analyzed the form of the constraint and gave a general argument. We 
presented a new action which possesses SO{ri) x SO{2) duality symmetry and the above three 
properties. The extension to include axion and dilaton gives an enhanced duality group, and 
this was checked for our new action. The relation to Legendre duality was clarified. 

Motivated by the work [25], we studied the inclusion of self-dual 6- field background. We 
gave some explicit examples of these "non-commutative manifolds" and studied self-dual 
configurations of the gauge fields on them. 

In the case that the curved background admits a Killing vector field, we obtained the 
dimensional reduction of the Born-Infeld action and it's coupling to Einstein gravity. Inter- 
estingly, while the SO (2) duality symmetry becomes manifest, other symmetries such as the 
SO {2, 1) symmetry which appears in flat space when one introduces a transverse scalar or 
the SU{2, 1) U-duality group which emerges when one couples Einstein gravity to Maxwell 
theory are broken. This may indicate that there are other more symmetrical ways of coupling 
Born-Infeld theory and gravity consistent with U-duality. 

In this paper we have seen various dualities of non-linear electrodynamics. We can 
summarize them in the following table: 

1) Legendre (discrete) self-duality : F ^ *P 

2) 5*0 (2) duality invariance : Rotation among {F, *P) 

3) Sp{2, Z) invariance : Discrete rotation among (F, *P, $, a) 

4) Sp{2, R) invariance : Continuous version of 3) 

We have a flowchart representing the relations between the above dualities as 

4) ^ 3) ^ 1), 4) ^ 2) ^ 1). 

Some comments concerning the results of this paper are in order. 

In sec. 4, we assumed that Lagrangian is written only in terms of Xi and Yi. However, 
in general the combination F^JF^^'"^'^ with i ^ j can appear. Inclusion of this term gives 
rise to a problem : we cannot write the energy-momentum tensor in terms of these Lorentz 
invariant quantities. Since the general duality condition on the matrix B (4.22) involves this 
cross term in an essential way, a generalization of our argument must be provided in order 
to see the full content of the structure of the duahty groups. 

Our original motivation was to see what sort of Lagrangian is consistent with self-dual 
configurations in a curved background. This may some insight into determining the form of 
the D-brane action. Note that even in a fiat background the precise form of the non-Abelian 
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D-brane action is not yet known with certainty. Integrating out the off-diagonal gauge field 
components will produce a complicated form, but it must be constrained by our duality 
condition in the case of many C/(l) gauge fields. 

In Ref . [36] , an Abehan Born-Infeld generalization of the topological Donaldson- Witten 
model was constructed, and it was shown that BRST-invariant quantities coincide with 
those of the Maxwell-Donaldson- Witten topological model. As stated in Ref. [36], the ex- 
plicit form of the Lagrangian was not used, merely the properties of it's extrema. It seems 
likely therefore that topological theories constructed from other non-linear electrodynami- 
cal theories satisfying our conditions will also have the same BRST-invariant quantities as 
Maxwell-Donaldson- Witten theory. 

We would like to comment on the relation to the recent work on so-called non-linear BPS 
equations [6, 37, 38, 39, 40, 41]. The configurations considered in this paper are solutions 
of linear BPS equations, that is self-dual equations. But in general under the presence of 
a 6-field, the duality condition may be relaxed because of the freedom introduced by the 
boundary condition of the gauge field at spatial infinity. In most previous work only flat 
backgrounds were adopted. In this paper we have shown that the linear BPS equation 
survives when we go to a curved background, so it is expected that the non-linear BPS 
equation can be derived in a curved background. One supporting reason is that the solutions 
of the non-linear BPS equations are simply derived from the linear BPS solution by making 
use of a target space rotation [39, 40, 42]. We leave these issues to the future work. 
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